WEYL GROUP INVARIANTS 



MASAKI KAMEKO AND MAMORU MIMURA 



Abstract. For any odd prime p, we prove that the induced homomorphism 
from the mod p cohomology of the classifying space of a compact simply- 
connected simple connected Lie group to the Weyl group invariants of the mod 
p cohomology of the classifying space of its maximal torus is an epimorphism 
except for the case p = 3, G = Eg. 



1. Introduction 

Let p be an odd prime. Let G be a compact connected Lie group. Let T be a 
maximal torus of G. We denote by W the Weyl group Nq{T)/T of G. We write 
H*{X) for the mod p cohomology of a space X. Then, the Weyl group W acts on 
G, T, G/T, i3G, BT and their cohomologies through the inner automorphism. The 
mod p cohomology of BT is a polynomial algebra . . . ,t„]. We denote by 

H*{BT)^ the ring of invariants of the Weyl group W. Since G is path connected, 
the action of the Weyl group on BG is homotopically trivial and so the action of 
the Weyl group on the mod p cohomology H*{BG) is trivial. Therefore, we have 
the induced homomorphism 

7?* : H*(BG) H*{BT)^. 

If (G; Z) has no p-torsion, the induced homomorphism is an isomorphism. 
Even if (G; Z) has p-torsion, the fact that the induced homomorphism rj* is an 
epimorphism was proved by Toda in |10j for {G,p) = {F^, 3) and announced in |llj 
for {G,p) = (i?6,3), respectively. However the results depend on the computation 
of the Weyl group invariants. The purpose of this paper is not only to show the 
following theorem but also to give a proof without explicit computation of the Weyl 
group invariants. 

We denote by 1/2 a generator of H^{BG) for {G,p) = {PU{p),p) and by j/4 
a generator oi H^{BG) for (G,p) = (^4,8), {Eq,?,), {Ej^i), {E^,h). Let g, be 
the Milnor operation defined by Qq = (3, Qi = p^(3 — (3p^, Q2 = p^Qi ~ Qip^, 
where p* is the i-th Steenrod reduced power operation. Let 62 = QoQiy2, 
63 = QiQ^y^ for the above H* {BGYs. For a graded vector space M, we denote by 
j^even ^ j^,fodd graded subspaces of M spanned by even degree elements and odd 
degree elements, respectively. 

Theorem 1.1. For{G,p) = (^4, 3), (iJe, 3), (£'7, 3), (E's, 5), the induced 

homomorphism rj* above is an epimorphism. Moreover, we have 

H*{BT)^ = F"'™(BG)/(efc), 
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wherek^2for{G,p) = {PU{p),p) and k ^ 3 for {G,p) = {F4,3),{Ee,3),{E7,3),{Es,5). 

If G is a simply-connected, simple, compact connected Lie group, then G is 
one of the classical groups SU{n), Sp{n) and Spin(7i) or one of the exceptional 
groups G2, F4, Eq, Et, Eg. Since i?*(G;Z) has no p-torsion except for the cases 
{G,p) = (^4,3), {Eq,3), (i?7,3), {Es,3) and {Es,5), the above theorem provides a 
supporting evidence for the following conjecture. 

Conjecture 1.2. Let p be an odd prime. Let G be a simply- connected, simple, 
compact connected Lie group. Then, the induced homomorphism rj* above is an 
epimorphism. 

To prove this conjecture, it remains to prove the case {G,p) = {E^, 3). However, 
the mod 3 cohomology of BE^ seems to be rather different from the other cases. 
For instance, the Rothenberg-Steenrod spectral sequence for the mod p cohomology 
for (G,p)'s in Theorem 11.11 collapses at the i?2-level but the one for the mod 3 
cohomology of BE% is known not to collapse at the i?2-level and its computation is 
still an open problem. See [4]. 

In this paper, for (G,p)'s in Theorem ll.il we examine the Leray-Serre spectral 
sequence associated with the fibre bundle BT — > BG and show that at the level of 
the spectral sequence, E*^^ ^ {E*-*')"^ for some r but we have E*^ = iE*^')"^ at 
the end. In the case {G,p) = {Eg, 3), the cohomology of the base space BEs is not 
yet known; since we need the cohomology of the base space in order to examine the 
Leary-Serre spectral sequence, we do not deal with the case {G,p) ~ (Eg, 3) in this 
paper. 

The paper is organized as follows. In §2, we recall the Leray-Serre spectral 
sequence and the action of the Weyl group on it. In §3, we recall the invariant 
theory of the Weyl group of non-toral elementary abelian p-subgroup of G in order 
to describe the cohomology of the base space BG. In §4, we recall the cohomology of 
BG and prove Proposition l4.3l In §5, using Proposition l4.3[ we compute the Leray- 
Serre spectral sequence. As a consequence of the computation of the Leray-Serre 
spectral sequence, we obtain Theorem ll.il 

The result in this paper is announced in [5], where we deal with the case (G,p) = 
{PU{p),p) in detail. 

2. The Weyl group and the spectral sequence 

As in §1, let G be a compact connected Lie group. We consider the Leray-Serre 
spectral sequence associated with the fibre bundle 

G/T BT ^ BG. 

Since BG is simply connected, the i?2-term is given by 

H*{BG)®H*' {G/T). 

It converges to gr H* {BT). Moreover, the Weyl group acts on this spectral sequence 
and its action is given by 

r*{y (g) x) ^ y ® r*x, 

where r is an element in W. We fix a set of generators {rj} and denote by aj the 
induced homomorphism 1 — r* . It is clear that 

H*{G/T)^ = f] Keraj, 
j 
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and crj{x (E) y) = x (E) cFjiu)- Moreover, we have 

3 

To relate the Weyl group invariants of H*{BT) with the one of £'oo-term, that 
is gr H* {BT), of the spectral sequence, we use the following lemma. 

Lemma 2.1. Suppose that f : M ^ N is a filtration preserving homomorphism of 
finite dimensional vector spaces with filtration. Denote by grf : grM — ^ grN the 
induced homomorphism between associated graded vector spaces. Then, we have 

dim Ker grf > dim Ker /. 

It is clear that 

E;^° = Im 77* : H*{BG) H*{BT)^, 
so that diinE^° < diniH*{BT)^. By Lemma [O above, we have 

^dim(£:;r*''*')^ > dimH*{BT)^. 

Hence, if we have 

{^00 ) = ^00 ^ 

we obtain 

dim H*{BT)^ < dim£:^° 

and the desired resuh E;^'^ = H*{BT)^. 

In [2], Kac mentioned the following theorem and Kitchloo gave the detailed 
account of it in §5 of [7]. 

Theorem 2.2 (Kac, Kitchloo). Let p be an odd prime. Let G be a compact con- 
nected Lie group. Let T be a maximal torus of G and W the Weyl group of G. 
Then, we have H*{G/T)^' = H^{G/T) = l^jp. 

Theorem 12.21 is the starting point of this paper. By Theorem 12.21 we have 

{El-*'Y^ = {H* [BG) ® U*' [G lT)f' = {H*{BG)E)Z/p)^e;-°. 

RecaU that the cohomology H*{G/T) has no odd degree generators. So, if iJ,(G; Z) 
has no p-torsion, then the £'2-term has no odd degree generators. Hence, it collapses 
at the iJ2-level. Thus, we have that 

[E*^*')'^ = E*J = H*{BG). 

Therefore, it is clear that the induced homomorphism t]* : H*{BG) H*{BT)^ is 
an isomorphism if H^{G] Z) has no p-torsion. 

However, for {G,p) in Theorem 11.11 H^{G;Z) has p-torsion and we have odd 
degree generators in the i?2-level. These odd degree generators do not survive to 
the E'oo-level. So, the spectral sequence does not collapse at the i?2-level. We deal 
with the spectral sequence for {G,p) in Theorem 11.11 in §4 and we will sec that 
{E;'*')^ ^ E*'° for some r but stih iE*J'')^ = E^f holds. 

We end this section by recalling from [5] the description of the mod p cohomology 
of G/T for (G,p)'s in Theorem O 
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Theorem 2.3 (Kac). For {G,p) in Theorem [LT| as an S -module, H*{G/T) is a 
free S-module generated by (0 < ? < p — 1), that is, 

H*{G/T)^S{a^^\Q<i<p-l}, 

where S is the image of the induced homomorphism l* : H*{BT) — > H*{G/T), 
m = 2for {G,p) = {PU{p),p) and m = 2p + 2 for {G,p) = (F^.S), {£^,3), (£^7,3) 
and {Eg, 5). 

3. Invariant theory 

In order to describe the odd degree generators of H*{BG) for {G,p) in Theo- 
rem [TTTl we consider non-toral elementary abchan p-subgroups of G. 

Non-toral elementary abelian p-subgroups of a compact connected Lie group G 
and their Weyl groups are described in [1] not only for {G,p) in Theorem ll.ll but also 
for (G,p) = {Eg,, 3), {PU{p"-),p). For (G,p)'s in Theorem ll.il there exists a unique, 
up to conjugacy, maximal non-toral elementary abelian p-subgroup A. Their Weyl 
groups iy(A) = Nq{A)/Gg{A) are also determined in [T]. We refer the reader to 
[T] for the details. From now on, we consider the case {G,p) in Theorem 1 1 . 1 1 only. 

We denote by ^ : A G the inclusion of A into G and the induced map 
BA — >• BG by the same symbol £, : BA — > BG. Although the Weyl group in- 
variants H*{BT)^ is not yet known, we determined in j5] the ring of invariants 
H* {BA)^^^K It is rather easy to describe it in terms of Dickson-Mui invariants 
because the Weyl groups W{A) are SL2{1/p) for (G,p) = {PU{p),p), SL^iZ/p) 
for (G,p) = (F4,3), (£:8,5) and 
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for {G,p) = (i?6,3), {El, 3), respectively, where g ranges over SLj,{1/Z) and e 
ranges over (Z/3)^. 

In order to describe the image of ^* : H*{BG) H* {BA)^'^^'> for the above 
{G,p), firstly, we recall from [5] the invariant theory of special linear groups and 
related groups. Let p be an odd prime and An the elementary abelian p-group of 
rank n. We need the cases n = 2, 3, 4, p = 3, 5 only. However, since some arguments 
seem to be comprehensive when we put them in the general setting, we recall the 
invariant theory without any restriction on p and n for the time being. We have 

H*{BAn) = Z/p[ti, . . . , t„] ® A{dti, dtn), 

where dti^s are generators of H^{BAn), ti = /Sdti, and /3 is the Bockstein homo- 
morphism. Denote by G„, G'„ subgroups of Gi„(Z/p) consisting of the following 
matrices: 
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respectively, where g ranges over S'L„_i(Z/p) and a ranges over (Z/p)^. We use 
the letter H to denote one of SLn{'Z/p),Gn,Gn- 

Now, we define some elements in the ring of invariants. Let Vn be the vector 
space over Z/p spanned by ii, . . . , t„ and Vn-i the subspace spanned by t2, . . . , tn- 
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We denote the element dti ■ ■ ■ dtn by u„ and let e„ = Qo ■ ■ ■ Qn-iUn- We also denote 
dt2 ■ • ■ dtn by Un-i and let e„_i = Qo ■ ■ ■ Qn-2Un-i- The Dickson invariants Cn,i's 
are defined by 



n 



n (x-x) = ^(-lyc„,„_,xp"-^ 

xev„ j=o 
We also consider the Dickson invariants c„_i^i given by 

n-l 

n (X - :r) = 5^(-l)Jc„_i,„_i_,XP""'"\ 
We define On-i to be 

Qn-l ~ C„_i „_2Qn-2 + ' ' ' + 1)" ^C^-l^Qo- 

Let /„ = On^i{dti). Then, it is clear that we have 
and 

Cn-l = /„ ^Qo • ■ • Qn-2C'ri-lU„. 

For the sake of notational simplicity, we denote {0, . . . , n — 1}, {0, . . . , n — 2} by A„, 
A„_i, respectively. For a subset / = {zi, . . . , ir}, where < ii < ■ ■ ■ < ir < n — 1, 
of A„, let 

Ql^n Qii ' ' ' Qir^n 

and QrjjUn ~ Un- In order to deal with H = S'i„(Z/p), G„, GJ^ in the same manner, 
we need the following definition. We define hy = Qi ioi i = 0, ... ,ti — 2. Let 
Un = Un for H = SLn{1'/p),Gn and Un = fn~'^Un for = GJ^. We define Qn-i by 

Qn—l — Qn—li fn ^n—l^ fn^ Cn— 1 

for H = 5'L„(Z/p), G„, GJj, respectively. We define QfUn to be 

Qii ■ • ■ <3v"n 

and (50U„ = Un. 

Wc denote the ring of invariants 

Zlp[h,...,tn]" 

by i?. We have 

R = Z/p[c„,i, . . . ,c„,„_i,e„] for if = 5L„(Z/p), 

i? = Z/p[c„_i,i, . . . , c„_i,„_2, e„_i, /„] for = G„, 

R = Z/p[c„_i,i,...,c„_i,„_2,e„_i,/P'^] for ii = GJj. 

Moreover, we have 

H*[BAn)" = i?{l,Q/u„} for if = 

H*{BAn)" = R{l,QjUn-l,QKUn} iOT H = Gn, 

H*{BA^)" = R{l,QjUn-iJP'^QKUn} for ii = G;, 

where / ranges over all the proper subsets of A„ , J ranges over all the proper subsets 
of A„_i and K ranges over all the subsets of A„_i. With the above definitions of 
Qj's and w„, we may write 

H*iBAn)" ^ R{l,QlUn}, 

where / ranges over all the proper subsets of A„. 
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Secondly, we consider a subspace Fi of H*{BAn)^ ■ Since there holds 

H*{BAnf" CH*{BA„f-, 

we introduce a fihration on H*{BA„)^^"^^/p'> and iJ*(BA„)'^"- Let w(QjUn) be 
the number of elements in /. For monomials in iJ*(i?A„)'^-^"^^/^\ wc define w{~) 

by 

w{en) = n, 
"'(Cnj)=0 = 1, . . . ,n - 1), 

and 

'w{xy) = w{x) + w{y), 

where x, y are monomials in iJ*(i?yl„)'^^"(^/P^. For monomials in H*{BAn)'^" , we 
define w{—) by 

w{en-i) = n, 
ii'(c„-i.j) = (j = l,...,n-2), 
w{fn) = 0, 

and 

w{xy) = w{x) + w{y)^ 

where x,y are monomials in H*{BAn)'^" . We denote by Fj^i^i the subspace 
spanned by elements x such that j + i > w{x) > i, that is, = -Fi © -Fi+i © 

• • • © Fi+j . Since 

H*{BAnf'- CH*(SA„)«", 
by abuse of notation, we denote 

H*{BA,,f''^ nF, 

by Fi. It is clear that 

Foo.i = Z/p[efe] ® F„_i+i,i, 
where k = n for i7 = SLnC^/p) and fc = rt — 1 for = G„, GJj. It is also clear that 

H*{BA,, f ^ ROF^^o- 

We will see in Theorem 14.21 that R © Foo,o is the image of ^* for {G,p) = 
{PU{p),p), that i?©Foo4 is the image of ^* for (G,p) (^4,3) and (£^8,5), that 
R © i^oo,2 is the image of £,* for (G,p) = (-Be, 3) and that R © (Foo,2 n (O3W4)) is 
the image of ^ for {G,p) = (-EtiS) where (0304) is the i?-submodule generated by 
Q1U3 = Q1O3U4S. 

Next, wc consider the multiplication on i? © i^oo,i- For / = {ii, . . . ,ir}, J = 
{ji, . . . ,js} C A„ such that / n J = 0, we denote the sign of the permutation 

/ 1 ••• r r + 1 ••• r + s\ 
V «i • • ■ V ji ■■■ js J 

simply by sgn(/, J). If one of /, J is empty, we set sgn(/, J) = 1. 

Lemma 3.1. // / U J 7^ A„, then QjUn ■ Q,/u„ = 0. If I U J ^ A„, then 

QiUn ■ QjUn ^ (-l)"''+'''sgn(A', / \ K)sgn{I \ K, J)e„gifU„, 
where K = I H J and r is the number of elements in I \ K . 
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Proof. If / U J 7^ A„, then w{Q i\KUn) + w{QjUn) < n. So, it is clear that 

Ql\KUn ■ QjUn = 0. 

On the other hand, we have 

QxiQiXKUn ■ Qju„) = sgn{K, I \ K)QiUn ■ Qju^, 

since QkQj ~ for k ^ K C J. Hence, we have QiUn ■ QjUn = as desired. 
Next, we deal with the case I U J = A„ and / n J = 0. There holds 

Ql\{h}U,i ■ QjUn = 0, 

since w(Q/\{ij}U„) + w{QjUn) < n. On the other hand, we have 

Qii{Ql\{ii}Un ■ QjUn) = QlUn ' QjUn + (- 1 ^ ' QnQjUn- 

Hence, we have 

QlUn ■ QjUn = (-l)"^'"Q/\{ji}Uri ' QnQjUn- 

Therefore, we obtain 

= (_l)™+'-%gn(/,J)u„.e„, 

which is the desired result. 

Now, we deal with the case / U J = A„ and /\ = / n J. Then, we have 

Qi\ku„ ■ QjUn = (-l)™+'''sgn(/ \ K, J)e„u„. 

Hence, we have 

QxiQlXKUn ■ QjUn) = (-1)™+'' sgn(/ \ A', J)enQKUn- 

On the other hand, we have 

QxiQlXKUn ■ QjUn) = Sgn-{K, I \ K)QiUn ■ QjUn, 

since QkQjUn — for k G K C J. This completes the proof. □ 

Remark 3.2. For H = G„, G[^, it is easy to see that we have the same formula 

Qju„ ■ Qju„ = (-l)"'^+'^'sgn(A^ / \ A')sgn(/ \ K, J)e„_iQ;^?I„. 

By Lemma lSH and by Remark l3^ we see that Fi-Fj C Fi+j. Therefore, R®Foo,i 
is closed under the multiplication. 

Finally, we end this section by considering the direct sum decomposition 

R®Foo.i ^No®Ni. 

We use this decomposition in order to deal with differentials in the spectral sequence 
in §5. For < £ < n — 2, let E{£) be the subspace of Faa,o spanned by {xQjU„ \ i S 
I,x G R} and E(£) the subspace of i^oo.o spanned by {xQjUn \ i ^ I,x G R}. Let 

Na^ ReiFoc,^nE{£)) and 
Ni= Fo,,^nE{i). 

Let 

Zi = Qo ■ ■ ■ Qi ■ ■ ■ Qn-lQn-l^n- 
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From now on, wc assume that i < n — 1, so that Z£ G Ni. Let Fj^i = Fj^i/{zi) if 
zi S Foa.i- Then, it is easy to see that the following proposition holds. 

Proposition 3.3. There hold the following : 

(1) Suppose that i < n. If n - i is even, then Ff"""" = F,. If not, i^™^" = {0}. 

(2) Ifn IS even, then F^"^" = F,,. If not, F^"""" = {0}. 

(3) F„_in%) = {0}. 

(4) FnnE{e)^Fn. 

The Milnor operation Qi induces a short exact sequence 

iVi A^o ^ R/{ek) ®F,n E{1) 0. 
The multiplication by Zi induces an isomorphism 

^ A^O ^ ^1 ^ Fn-2+^^^ H ^ 0. 

We have the following proposition: 

Proposition 3.4. For (n, i) = (2, 0), (3, 1), (4, 2), there exist short exact sequences 

(1) ^ iVo ^ iVi ^ A^r^"/(efe) ^ 0, 

(2) ^ iVi ^ iVo -> iVo™'7(efc) ^ 0. 

Proof. From the observation above, it sufBces to show that 
R/{ek) ®F,n E{e) = ^r^"/(efc) and 
F„_2+.Mn^W=A^o™™/(efc). 
Since (iVo ® iVi)™'="/(efc) = R/{ek) © it suffices to show that 

Fn-^+^.^ = F^ ^ E{£) © Fn^2+^,^ H ^{1). 

By Proposition 13. 3[ we have the following table. 



{n,i) 


(2,0) 


(3,1) 


(4,2) 


Fi n E{e) 


peven p 


peven p p(^g-^ 


n £;(^) 


F, n E{i) 


peven p 


peven p 


peven p ]^(-^) 


F^+i n E{i) 










F,+2 n Eie) 








peven 


rpeven 


peven 


peven 


rpeven 











rpeven 









rpeven 










This table completes the proof. □ 

4. COHOMOLOGY OF CLASSIFYING SPACES 

Now, we investigate H*{BG) and H*{BA)^^^^ for (G,p) in TheoremO Through- 
out the rest of this section, we put 
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fc = 2, n = 2, i? = ZMe2,C2,i] for iG,p) ^ {PU{p),p), 

fc = 3, 71 = 3, i? = Z/p[e3,C3,i,C3,2] for (G,p) = (^4, 3), (-Bs, 5), 

fc = 3, 71 = 4, i? = Z/p[e3,C3,i,C3,2,/4] for (G,p) = (£^6, 3) and 

fc = 3, 71 = 4, i? = ZMe3,C3,i,C3,2,/4'] for (G,p) = (£7, 3). 

Then, the number 71 is nothing but the rank of the maximal non-toral elementary 
p-subgroup A. We recall from [5] the following. 

Theorem 4.1. The ring of invariants H*{BA)^^^'^ is 

R{l,QiU2} for{G,p) = {PU{p),p), 
where I ranges over all the proper subsets 0/ A2 . 

RihQiUs} for {G,p) = (F4,3), (i?8,5), 
R{l,QiU3,QjU4} for {G,p) = (£^6,3) and 
R{l,QiU3,f4QjU4} for {G,p) = (£7, 3), 
where I ranges over all the proper subsets of A3 and J ranges over all the subsets 

of A3. 

For {G,p) = {PU{p),p), the induced homomorphism ^* defined in the previous 
section is an epimorphism but it is not an cpimorphism for {G,p) = {F4, 3), (Eg, 3), 
(£7,3) and (£8,5). 

By comparing odd degree generators of H* (BG) with the image of the induced 
homomorphism it is easy to see the following theorem. For H*(BG), we refer 
the reader to the work of Mimura and Sambe in [5] and [5] , or Kameko [3] . 

Theorem 4.2. The induced homomorphism 

H°'^'^{BG) 
is a monomorphism and the image of 

C : H*{BG) H*{BA)^^^') 

is generated by QqU^, 03,1 and C3 2 for {G,p) = (£4,3) and for (£§,5), Q0U3, c^^i 
and C3,2, Osidti)'^ for {G,p) = (£7,3), a7irf Q0U3, c^^i, 03,2, Q0Q1U4,, Osidti) for 
{G,p) = (£5,3), as an algebra over the Steenrod algebra. 

We choose elements in H* [BG] as in Theorem 11.11 We choose elements cor- 
responding to other generators of R in H* [BG] and we consider i? as a subalgebra 
oiH*{BG). 

For {G,p) = {PU{p),p), the rank of the elementary abelian p-subgroup A is 2. 
Since £1,0 = R/{e2){u2:QoU2,QiU2}, we put 

A/o = i?{l,J/2p+l}, 

Ah = R{y3,y2}, 

where 2/2 is the generator oi H^{BG) such that ^*(2/2) = "2 and 7/3 = Q02/2, y2p+i = 
Qiy2- Then, we have 

CMo = R{i, Q1U2} = i?. © (£00,0 n £;(i)), 
CMi = R{QoU2, U2} = £00,0 n £(1). 
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For {G,p) ~ (i^4,3) and {Es,5), the rank of the elementary abehan p-subgroup 
A is 3. Since Fsa = -R/(e3){QoW3, Qiua, (92^3, QoQiua, (3oQ2M3, (3i(92U3, 63^3}, 
we put 

Mo = i?{l,y2p2+2,2/2p2+3,y2p2+2p+l}, 
Ml = R{y2p+3, y2p+3y2p2+2, y4, y2p+2}, 

where 2/4 is the generator of H'^{BG) such that ^*(j/4) = Q0W3, t/2p+2 = p^?/4, 
y2p+3 = -QiVi, V2p^+2 = P^P^Vi, y2p2+3 = -Q2Vi, V2p^+2p+i = -Q2y2p+2- Then, 
we have 

TMo = i?{l, g2M3, goQ2«3, Q1Q2W3} = © (J^ooa n S(2)), 

CMi = i?{(9o'9iW3, 63^3, Q0W3, Qiu^} = ^^00,1 n i?(2). 

For {G,p) = {Eq,3) and {Er,3), the rank of the elementary abelian p-subgroup 
A is 4. First, we consider the case {G,p) = {Ee,3). Let O3 = f^^Os. Since 

^5,2 = ^/(e3){Q/U4,e3QjU4}, 

where w{QjU4) = 2,3 and w{Q fuii) = 0,1, we denote by 7/4, ?/io the generators 
of H\BG), H^°{BG) such that ^(^4) = Q0O3W4 = Q0U3, Civio) = QoQnH, 
respectively. Let yg = -QiUi, ys = P^Vi, 2/20 = P^P^Vi and let 7/22 = P^2/io, 
y26 = P^J/22- Let j/30 = j/102/20- Let 

Mo = -R{1, y22, 2/26, 2/20, Q22/IO, Q2y4, (922/8, Q2y3o}, 
Ml = i?{2/9, 2/92/22, 2/92/26, 2/92/20, 2/10, 2/4, y8,2/3o}- 

Then, we have 

5*Mo = R{1, QtQ2U4,, (92C3U4, Q2O3U4, Q0Q1Q2U4:, QiQ20zUi, ezQ2Ui} 

= (i?®^^oo,2)ni;(2), 

^*Mi = i?{(9o(9iC'3'"4, 6303^4, QiO^Ui, QnQiUi, 631*4, e3(9iU4} 

= Fo,,2n-g(2), 

where i ranges over {0, 1}. 
As for (G,p) = (^^7,3), let 

A/o = ^{1, 2/20, Q22/4, (922/8}, 
A/i = i?{y9, 1/92/20, 2/4, 2/8}- 

Then, we have 

TMo = R{1, Q2O3U4, Q^Q203U4, } = i? © (^^00,2 n (03^^4) H ^(2)), 
CMl = i?{goQl03"4, 63^3^4, Q^03U4} = i^oo,2 H (O3M4) H -g(2), 

where i ranges over {0, 1}. 

One can verify the following proposition by direct computations but it also fol- 
lows immediately from Proposition 13.41 

Proposition 4.3. For {G,p) in Theorem \l.l[ there holds 

(1) eMo®CMi=lmC- 

Moreover, there exist the following short exact sequences: 

(2) ^ A/o Ah ^ Mr"/iek) 0, 

(3) ^ A/i A/o ^ A/o^''^"/(efc) ^ 0, 
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where m = 2, fc = 2 for {G,p) = {PU{p),p) and m = 2p + 2, fc = 3 for {G,p) = 
iF^,3),{Ee,3),{E7,3),{Es,5). 

5. The spectral sequence 

In this section, we complete the proof of Theorem 11.11 by computing the Leray- 
Serre spectral sequence associated with 

G/T BT ^ BG 

for {G,p) in Theorem O We put m = 2, A: = 2 for {G,p) = {PU{p),p) and 
m = 2p + 2,k = 3 for {G,p) = (F4, 3), iEe,3), (Ej, 3), {Es, 5). 
The i?2-term of the spectral sequence is given by 

E2 = H*{BG)®H*' [G/T) 

as an _ff*(BG) ® S'-algebra. The algebra generator is l®x„i- So, the first nontrivial 
differential is determined by dr{l® Xm) for some r > 2. 

Proposition 5.1. For r < m + 1, dr = 0- The first nontrivial differential is dm+i 
and there holds 

dm+i(l ® Xm) = a{ym+i ® 1) 

for some a ^ G Z/p. 

Proof. Suppose that drg{l Xm) 7^ for some ro < m + 1. Then, up to degree 
< m, i5ro+i-term is generated by 1 (3 1 as an H*{BG) (E) S'-niodule. So, for ri > ro, 
Imd^i docs not contain any element of degree less than or equal to m + 1. Hence, 
Um+i ® 1 survives to the i?oo-term. Then, r]*{ym+i) ^ 0. This contradicts the fact 
E^'^ = {0}, since degym+i = to + 1 is odd. Therefore, we have dr{l O Xm) = for 
r < m + I. 

Next, we verify that dm+i(l (25 Xm) = c^iUm+i 'S^ 1) for some a 7^ in Z/p. 
If Imdm+i does not contain j/m+i ® 1; then up to degree < m + 1, the spectral 
sequence collapses at the £',„_|-2-lcvcl and Um+i ® 1 survives to the i^oo-tcrm. As in 
the above, it is a contradiction. Hence, the proposition holds. □ 

To consider the next nontrivial differential, first wc show the following lemmas. 

Lemma 5.2. Both 

(1) the multiplication by y„i+i ^.i^d 

(2) the multiplication by 
are trivial on Ker^*. 

Proof. Suppose that z e Ker^*. Then, S,*{z ■ ym+i) = and deg(z • j/m+i) is odd. 
Hence, we have z ■ ym+i = in H*{BG). 

We also get Qk-i{z ■ ym+i) = 0. On the other hand, since S^*{Qk~iz) — and 
since deg(Qfc_i2;) is odd, we have Qk-iz = in H*{BG). Hence, we get 

Qk-i{z ■ y„i+i) = Qk~iz ■ y„i+i + (-1)''~^2 • Ck = {-l)''~^z ■ ek = 0. 

So, we obtain z • = 0. Thus, we have the desired results. □ 

By choosing suitable elements in H*{BG) as generators, we may consider a 
subalgebra of H*{BG), which maps to R in H*{BA)^'^'^\ By abuse of notation, 
we call it R. Then, we may consider 

E„,+i = • • • = ^2 = (Afo © Ml © KerC) ® H*{G/T), 
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as an i? ® S'-module. By Propositions IS.ll and 14.31 (2) and Lemma [52] (1), we have 
the i?m+2-tcrm: 

= (Mi®iVp_i)®(Mf™/(efe)®7V<p„2)®(Mo®7Vo)©(Kerr®i7*(G/r)), 

where A^<i is the S'-submodule of H*{G/T) generated by x'^ [k < i) and Ni is 
the S'-submodule generated by a single element xj^ in H*{G/T). Observe that the 
above direct sum decomposition is in the category of R(E> 5-modules. 

Now, we investigate the action of the Weyl group on the spectral sequence in 
terms of aj. Recall that we define {rj} to be the generators of the Weyl group W 
and that aj = 1 — r* where CTj acts on the spectral sequence by aj{y(Eix) = y®Uj{x) 
and so it commutes with the differential dr for r > 2. 

Lemma 5.3. There holds aj{x\^) G N<i^i for all aj. 

Proof. Since dm+i commutes with aj and since aj{ym+i 1) = 0, we have 

dyn+l{(J]{f ® a^m)) = 0. 
Suppose that t7j(.T,„) = /3.t,„ + s for some /? G Z/p and s in S. Then, we have 

d,„+i(/3(l ® a;™) + 1 ® s) = a^(y™+i ® 1) = 0. 
Therefore, we have /3 = and crj(.T,„) G A^o = S. In general, we have 
(Jj{xy) = aj{x)y + x(T.j{y) - aj{x)a.j{y). 

Hence, we have 

(^jiKn) = o'jXa^nOa;™ ^ + Xmcrj(x*^^) - (Tj(a;,„)CTj(a;*,7^) G A^<i-i, 
as desired. □ 

Remark 5.4. By Lemma [5.31 a-j acts trivially on Ni = A^<i/A^<i_i. Hence, it is 
easy to see that 

iE*rn+2)'^ = (M°^''eefcMr™)®iVp-ie(Mr^"/(efc)©Mo©Kerr)®Z/P7^ ii^:;+2. 

Now, we begin to compute the next nontrivial differential. 

Proposition 5.5. For r > m + 2 such that = i'm+2j we have 

dr{Mo ® iVo) = dr{KeiC «> H*{G/T)) = d^(Mi™™/(efc) ® A^<p-2) = {0}. 

Proof. Since Mq®Nq is generated by Afo®Z/p as an i?® S'-module, dr{Mo®No) ~ 
{0} holds for r > m + 2. For Mf"'^"/(efe) (g) iV<p_2, there exist no odd degree 
generators. Hence, we have d^(Mf'"="/(efe) (g) iV<p_2) C i;^'^^2 = Mf'^ ® A^p_i © 
][^odd ^ ^j^g pj-^g hand, the multiplication by g) 1 is zero on Mf"^"/(efc) ® 

7V<p_2. On the other hand, the multiplication by 1 is a monomorphism on 
j^odd ^ ^ j^odd ^ j^^^ Hence, we have 

d,(Mr7(efe)$$7V<p_2)-{0}. 

Finally, by Lemma [5^ the same holds for Ker^* O H*{G/T) and so we obtain 

d^(Kerr © H*{G/T)) = {0}. □ 

Let n = m(p — 1) for the sake of notational simplicity. Next, we show the 
following proposition. 

Proposition 5.6. Ifr>m + 2 and if dr is nontrivial, then r > n + I. 
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Proof. Suppose that we have a nontrivial differential dr for some r < n + I, say, 

dr{z (g) x'^^) = ® H + Zi^ ® x'^, 

where z £ Mi, 1 < ii < ■ ■ ■ < ii < L, {zi, . . . , z^} is a basis for 

(Mf ^"/(efc) © Mo © Kerr )'^°*^"+", 

and e H"~'-+\G/T), x[,...,x'i ^ 0. Since H*{G/T)^ ^ Z/p, for 

7^ in H"-^^'^^(G/T), there exists ctj such that a-j{x[) ^ 0. Therefore, we have 

ajdr{z (g) x'^^) ^ 0. 

On the other hand, by Lemma [Ol we have (Jjix^^^) G Af<p-2- Hence, by Propo- 
sition [53] above, we have 

ajdriz © e d,(Afr™/(efc) © iV<p_2) = {0}. 

This is a contradiction. Hence, we have r > n + 1. □ 

Finally, we complete the computation of the spectral sequence. 

Proposition 5.7. There holds d,i+i(Afi © iVp_i) = (M"''^ © CkM^""") © Nq. 

Proof. The i^n+i-term is equal to 

Ml © iVp_i © Mr'='V(efe) © iV<p_2 © Mo © iVo © (KcrC) ® H*{G/T) 

and 

d„+i(Afr^"/(efe) © 7V<p_2 © Mo © iVo © (KerD ® H*{G/T)) = {0}. 

Since A/f <="/(efe) © 7V<p_2 © Mo © TVo © (Kcr^) ® H*{G/T) is generated by the 
elements of the second degree less than n, that is, the elements in £"*'* (*' < it 
is clear that 

d,(Mf™"/(efe) © 7V<j,_2 © Mo © TVo © (Ker^) ® H*{G/T)) = {0} 
for all r > n + 1. 

On the other hand, since all the elements in {Mg'^'^ © CfeMg™™) © Z/p do not 
survive to the £^oo-term and since dr{Mo © Nq) = {0} for all r > 2, all the elements 
in {Mg'^'^ © efcM^'^'^") © Z/p must be hit by nontrivial differentials. 

Suppose that there exists an element in (Mq'''^ © e^Mg'"'^") © Z/p which is not 
hit by dn+i- Let z © 1 be such an element with the lowest degree s. Up to degree 
< s, by Proposition 14.31 we see that 

d„+i : Ml © Np.i ^ (Mg'^'^ © efcMo™™)*+"+i © TVo 

is an isomorphism for i < s. 

Then, Ker dn+i is equal to M^"""" / (e^ ) © iV<p-2 © Mo © A^o ® (Ker ^ ) » * (G/T) 
up to degree s. Therefore, for r > n + 2, Imc?r — {0} up to degree < s. Hence the 
element z© 1 survives to the _Boo-tcrm. This is a contradiction. So, the proposition 
holds. □ 

Thus, by Propositions 15.51 and 15. 7| we have 

S„+2 = (Mr-"/(efe) © N<p_2) © (Mo^-^"/(efc) © No) © (Kcr^ © H*{G/T)). 

Since there are no odd degree elements in the £'„-|_2-term, the spectral sequence 
collapses at the £'„+2-level and we obtain Eoo ~ En+2 and 

(i?^*')^ = E*^^ = (Mr-/(efc) © Mo™^7(efc) © KcrD ^ Z/p. 
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This completes the proof of Theorem 11.11 
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